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By means of the coupled amplitude-phase method we find analytical dark solitary wave solutions 
for the higher order nonlinear Schrödinger equation with cubic-quintic terms describing the effects 
of quintic nonlinearity on the ultra-short (femtosecond) optical soliton propagation in non-Kerr 
media. The dark solitary wave solution exists even for the coefficients of quintic terms much larger 
than those of cubic terms. 
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Optical solitons in Kerr nonlinear media have been 
the subject of intense current research motivated by 
their important applications to high-capacity fiber 
telecommunications and to all optical switches due 
to their capability of propagating over long distances 
without attenuation and changing their shapes [1,2]. 
The dynamics of solitons in Kerr media are in general 
described by the nonlinear Schrödinger (NLS) fam-
ily of equations with cubic nonlinear terms [3 - 7], 
However, as one increases the intensity of the inci-
dent light to produce shorter (femtosecond) pulses, 
non-Kerr nonlinearity effects become important and 
the dynamics of pulses should be described by the 
NSL family of equations with higher-order nonlin-
ear terms. As such a model, Radhakrshna, Kundu, 
and Lakshmanan [8] recently proposed the higher or-
der nonlinear Schrödinger (HONLS) equation with 
cubic-quintic nonlinear terms arising in non-Kerr me-
dia. They investigated an integrable system of cou-
pled HONLS equations with some simplifications in 
the model parameters and found Lax pair, conserved 
quantities, exact soliton solutions, and analyzed the 
two-soliton interaction. However, the model [8] along 
with the general HONLS models proposed in the liter-
ature [9 - 13], is not completely integrable and can not 
be solved exactly by the inverse scattering method. 

To date, exact analytical fundamental solitary wave 
solutions of the proposed model [8] have not been 

found. However, analytical and numerical solitary 
wave solutions have been obtained in the HONLS 
models in which the effects of quintic nonlinear terms 
are smaller than the cubic terms [9 - 13]. In this 
work, by using the coupled amplitude-phase formu-
lation [14, 15], we find analytical fundamental dark 
solitary wave solutions and the constraint equations 
for the model coefficients. The results show that the 
dark solitary wave solution exists even though the co-
efficients of quintic terms are much larger than those 
of cubic terms. 

The HONLS equation with cubic-quintic nonlinear 
non-Kerr terms describing the propagation of fem-
tosecond pulses can be written in the form [8] 

lUc + UrT + 21UI2 U + icx UTTT + IC2( I U\2 U)T 

(1) 
+ ic3(\U\*U)T + ~f\U\4U = 0, 

where r ) represents a normalized complex am-
plitude of the pulse envelope, £ is a normalized dis-
tance along the fiber, r is normalized time with the 
frame of the reference moving along the fiber at the 
group velocity, and the coefficients cz and 7 are all 
real. The terms in (1) are: the group velocity disper-
sion (GVD), self-phase modulation (SPM): The c\ 
and C2 terms result from including the cubic term in 
the expansion of the propagation constant and the ef-
fects of third order dispersion (TOD) for ultrashort 

0932-0784 / 2000 / 0100-411 $ 06.00 © Verlag der Zeitschrift für Naturforschung, Tübingen • www.znaturforsch.com 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



398 W.-p. Hong • Analytical Dark Solitary Wave Solutions 

pulses [15, 16], respectively, and the quintic C3 and 7 
terms originate from nonlinear dispersion and SPM, 
respectively. Of course, one can neglect all the C{ 
terms of (1) for pulse widths greater than 100 fs, 
and the resulting equation reduces to a NLS equation 
with cubic-quintic terms, which has been well stud-
ied [9, 11], The HONLS models without 7 and c3 but 
including the Raman term, i.e. U(\U\2)T, responsible 
for the self-frequency, a phenomena discovered by 
Mitschke and Mollenauer [17], have been extensively 
investigated by various authors [ 4 - 7 ] . 

In the following, we assume a solution of the form 

r) = P(r + /?0exp[i(< - wr)] 
= P(x)exp[i« - wr)], (2) 

where P (x ) is a differentiable real function and ß 
is a real constant to be determined by the physical 
parameters of the model [7, 15]. Substituting (2) into 
(1) and removing the exponential term, we obtain the 
real and imaginary parts as 

(7 + Ĉ uj)P(X)5 + (2 + C2U))P(x)~ (3) 

d2 

+ ( - K - u / - C l u / ) P ( x ) + (1 + 3 c ^ — j P i x ) = 0, 
dx2 

( -2o; - 3cio;2 + 3c 2P(x) 2 + 5c 3 P(x) 4 + ß) 

+ c l - 1 P ( x ) = 0. (4) 
dx 3 

By differentiating (3) with respect to x and comparing 
with terms in (4), we find that the (3) and (4) are 
equivalent provided that 

7 + CT,(JÜ C 3 

1 + 3 c\u) c\' 

2 + CJU C2 

1 + 3 C\UJ c\ ' 

K + UJ2 + cjo;3 ß — 2u) — 3 c\u2 

1 + 3 C\UJ 

From (6) and (7), we get 

2 ci - c2 

c 1 

a; = 
2cic2 

(5) 

(6) 

(7) 

(8) 

ß 

and the constraint equation for the model coefficients 
C3,7, and c2 from (5) as 

7 = 
2C3 
C2 

(10) 

K = 8 c i W 3 + 8 w 2 + t » _ L (9) 
CI C\ 

To find solitary wave solutions, we solve the ordinary 
differential equation in (3) 

d2 ^ 7 + C3Ü; r 2 + C2UJ 
T - I ^ ( x ) = P(x)5 - 7—r—p(x)2 
dx 1 + 3 C\uj 1 + 3 c \u 

K + UJ2 + CiW3 _ 
+ - - P(X) 1 + 3 c\(jO 

= a 3 P ( x ) 5 + a 2 P ( x ) 3 + a i P ( x ) , 

( I D 

where 

C*3 = 7£2 
2Cl 

a 2 = (12) 

oi = 
c 2

2 + 4C 2
2 / ?C\ +4C\C2- \2C\' 

C2
24Ci

2 

By using the coupled amplitude-phase formula-
tion [14], we can then recast (11) as 

d X = [ a i P 
-1/2 

dP, (13) 

where E is an arbitrary constant of integration which 
corresponds to the energy of an harmonic oscilla-
tor [15]. This equation is not analytically integrable 
for non-zero E. In the following, for the case E = 0, 
we will show that the dark solitary wave solution ex-
ists under a constraint between c\ and c2 in addition 
to the constraint in (10). Contrary to our result, for 
the HONLS model with cubic terms [14, 15] the dark 
solitary and bright solitary wave solutions have been 
obtained for E > 0 and E = 0, respectively. 

By letting the bracket in (13) be a perfect square, 
we obtain the integrable differential equation 

-7~P(X) = ~ [P(X)3 + otP(x)] , 
dx V 

(14) 

where 77 = ^ 3 / 0 3 , a = 3o 2 / 4q 1 , and the constraint 
a \ = I6Q1Q3 which can be expressed using Av,u>, and 
C3 in (8)-(10) as 
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Fig. 1. (a) The dark solitary wave amplitudes P(0,£) (solid line) for C = 1 and Pa(0, £) (dot-dashed line) for C = 1 / a 
with c2 = 0.07, c3 = 0.5, ß = 7 0 0 , 7 = 7.14, and c\ = - 3 . 5 x 10~4. (b) Representation of the real part of U(0, f ) with the 
same coefficients as in (a). 
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Fig. 2. (a) and (b) The same plots as Figs, la and lb but with c2 = - 0 . 8 , c3 = - 0 . 5 , ß = 10, 7 = 1.25, and c\ = 1.91. 

-2 1 
(15) Pa(x) = • e x p - ^ c o s h 1 / 2 ^ ) , (17) 

± [c 2
4 - 16 C 2

3 7 ß - 16 7 c 2
2 + 6 4 7 2 / ? 2 C 2

2 

+ I2872/? c2 + 2567 2 ] 1 / 2 )C 2 . 

Then, the solitary wave solution of (14) is 

- 1 / 2 
P(X) = 

a 
Ll + Coexp2"*/^ J 

where C is an arbitrary constant. We note that for 
C = 1 /a the solution takes the form 

where 77 = \J—6ci/c27, o = 3/27, a n d the soliton 
power PQ = \/ot/2 = i/3C2/8C3 (defined as the power 
at x = 0, i. e. £ = r = 0) depends on the model coef-
ficients c2 and C3 or 7. Thus, for zero energy we find 
the dark solitary wave solution with the modulation 
term as 

(16) r ) = f ^ + c ^ p ^ r ^ O A - c ^ ) « / » ] - 1 / 2 

L 2 C 2 J 

• exp 

(18) 
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where C1C3 < 0 and C2C3 > 0 should be satisfied 
along with constraints in (10) and (15). 

To explicitly demonstrate the dark solitary wave 
solutions, we plot 18 by choosing some proper model 
coefficients for cx and 7 which satisfy the above 
constraints: c2 = 0.07, C3 = 0.5, and ß = 700 so 
that 7 = 7.14 and cj = c~ = - 3 . 5 x 10~4 (re-
quired by the constraint C1C3 < 0) for Fig. 1; and 
c2 = - 0 . 8 , c3 = —0.5, and ß = 10 so that 7 = 1.25 and 
d = c{ = 1.91 (required by the constraint C1C3 < 0) 
for Figure 2. The shapes of the amplitude functions 
for P(0,0 (C = 1) and Pa(0,0 (C = I /o) , re-
spectively, which show dark (or kink) solitary wave 
behavior, are plotted as a function of the normalized 
distance £ in Figs, la and 2a. The real parts of the 
dark solitary wave solutions for U(0, £)(C = 1) and 
U a ( 0 , 0 ( C = 1 /o0, respectively, which clearly show 
oscillating and decaying amplitudes, are plotted in 
Figs, lb and 2b. We note that similar figures are ex-
pected when we plot Figs. 1 and 2 as a function of the 
normalized time r . 

In conclusion, by using the coupled amplitude-
phase formulation [14, 15], we have found the an-
alytical dark solitary wave solutions for the HONLS 
equation with cubic-quintic terms, which can be im-
portant model for femtosecond optical soliton propa-
gation in non-Kerr media. We note that the dark soli-
tary wave solutions exist for the coefficient of quintic 
term 7 much larger than the cubic term compared with 
the results in [9 - 13], [9, 10, 11, 12, 13], Our anal-
ysis can not prove the existence of analytical bright 
solitary wave solutions, however, one may be able to 
find it via the Painleve analysis, which will be left for 
future investigation [18], 
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